INNER AMENABLE GROUPS HAVING NO STABLE ACTION 
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Abstract. We construct inner amenable and ICC groups having no ergodic, 
free, probability-measure-preserving and stable action. This solves a problem 
posed by Jones-Schmidt in 1987. 



1. Introduction 

Unless otherwise stated, we assume that a discrete group is countable. We say 
that a discrete group T is inner amenable if there exists a sequence of non-negative 
^-functions on T with unit norm, (/„) n gM, such that for any 7 £ T, we have 

lim /„( 7 ) = and lim V |/n(7 _1 *7) - fn(S)\ = 0. 

n— >oc n— >oo * — * 

<5er 

A discrete group T is called ICC if the conjugacy class of any non-neutral element 
of r in r has infinitely many elements, where "ICC" stands for "infinite conjugacy 
classes" . Inner amenability was introduced by Effros [7] to determine ICC groups 
whose von Neumann algebra have property Gamma. Effros proved that any discrete 
ICC group whose von Neumann algebra has property Gamma is inner amenable, 
and posed the question whether the converse holds. Recently, Vaes [T7] constructed 
a counterexample to this question. We refer to [5] for a survey on inner amenability 
of groups. 

In [9], Jones- Schmidt observed an analogue in the setting of orbit equivalence 
for group actions. We mean by a p.m. p. action of a discrete group T a measure- 
preserving action of T on a standard probability space, where "p.m. p." stands for 
"probability-measure-preserving" . We say that a p.m. p. action of a discrete group is 
stable if the associated equivalence relation is isomorphic to its direct product with 
the ergodic hyperfinite equivalence relation of type Hi . It is shown in Proposition 
4.1 of [9] that any discrete group having an ergodic, free, p.m. p. and stable action 
is inner amenable. In Problem 4.2 of [9], Jones-Schmidt asked the converse: Does 
any inner amenable group have an ergodic, free, p.m. p. and stable action? In |12) . 
we constructed such a stable action of Baumslag-Solitar groups and of the group 
of Vaes mentioned above. The aim of this paper is to give a counterexample to the 
Jones-Schmidt question by proving the following: 

Theorem 1.1. Let E be a discrete group with property (T) and having a central 
element a of infinite order. Let p and q be non-zero integers with \p\ ^ \q\. Then 
the group T defined by the presentation 

T = (E, t taPr 1 = a q ) 
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is inner amenable and ICC, and has no ergodic, free, p.m.p. and stable action. 

Remark 1.2. Examples of groups with property (T) and having a central element of 
infinite order are found in Example 1.7.13 of [4]. One of them is the following: Let 
n be an integer with n > 2. The fundamental group of the Lie group G = Sp2n(M) 
is isomorphic to Z. Let G denote the universal covering of G. We set L = Sp2n(Z), 
which is a lattice in G. The inverse image L of L in G then has property (T) and 
has a central subgroup isomorphic to Z. 

Remark 1.3. A discrete group with property (T) and with infinite center is a non- 
ICC counterexample to the Jones-Schmidt question because 

• any discrete group with infinite center is inner amenable; and 

• no ergodic, free and p.m.p. action of a discrete group with property (T) is 
stable (see Proposition 2.10 and Remark 2.11 in |13)h 

On the other hand, for a discrete ICC group, it is impossible to have inner amenabil- 
ity and property (T) simultaneously (see Corollaire 3 (i) in [5]). In this respect, it 
is meaningful to ask the Jones-Schmidt question for ICC groups, a counterexample 
to which is the group Y in Theorem ll.il 

The following theorem is obtained by Narutaka Ozawa, and implies that the von 
Neumann algebra of the group Y in Theorem 11.11 has property Gamma. 

Theorem 1.4 (N. Ozawa). Let E be a discrete group having a central element a 
of infinite order. Let p and q be non-zero integers with \p\ ^ \q\. We define Y as 
the group with the presentation 



Then Y is ICC, and the von Neumann algebra of Y has property Gamma. 

For the reader's convenience, we give a proof of Theorem 11.41 in Section 0J We 
thank Narutaka Ozawa for allowing us to include it in this paper. 

In Section [2] we recall terminology on discrete measured equivalence relations. 
In Section [31 we prove Theorem 11.11 In Section 21 we prove Theorem 11.41 



Unless otherwise mentioned, all relations among measurable sets and maps that 
appear in this paper are understood to hold up to sets of measure zero. Let (X, p) 
be a standard probability space. Let TZ be a discrete measured equivalence relation 
on (X, fi) of type Hi. For x £ X, we set 1Z X — { (y, x) 6 TZ | y G X }. We have the 
measure p, on TZ defined by 



for a Borel subset D of TZ. For a Borel subset A of X with positive measure, we 
define TZ\a as the restriction TZD (A x A), which is a discrete measured equivalence 
relation on (A,p\a). 

Suppose that we have a discrete group Y acting on a standard Borel space S. Let 
p: TZ — > Y be a Borel cocycle, i.e., a Borel homomorphism in the sense of discrete 
measured groupoids. Let A be a Borel subset of X with positive measure. We say 
that a Borel map tp: A — > S is (TZ, p)-equivariant if for fj-a.e. (y,x) £ TZ\a, the 
equation p(y,x)ip(x) = tp(y) holds. If p is understood from the context, then we 
simply say that ip is TZ- equivariant. 



Y = (E, t | ta'ft- 1 



2. Terminology 
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3. Proof of Theorem 11.11 

Let E be a discrete group with property (T) and having a central element a of 
infinite order. Let p and q be non-zero integers with \p\ ^ \q\. We define T as 

r = (E, t | taPr 1 = a q ). 

This is the HNN extension of E relative to the isomorphism <j> from (a p ) onto (a q ) 
sending a p to a q , where for each b G E, we denote by (6) the subgroup generated 
by b. Let r > be the greatest common divisor of p and q, and set po = vl T an d 

?o = gyV. 

Having ICC and inner amenability. For any positive integer j, the isomorphism 
<fp from (a rp o) onto (a rq o) has no non- neutral fixed element because \p\ ^ \q\. We 
can thus apply Theoreme 0.1 in [16], and see that F is ICC. For any positive integer 
n, we have cj>>{a rPa ) = a rp ° 3q ° for any j = 1, . . . , n. We can thus apply Proposition 
0.2 in [IB], and see that T is inner amenable. 

The Bass-Serre tree. Let T be the Bass-Serre tree associated with the decom- 
position of r into an HNN extension. The set of vertices of T, denoted by V(T), 
is defined as T/E. The set of edges of T, denoted by E(T), is defined as T/{a q ), 
and for each 7 g T, the edge corresponding to the coset r y(a q ) joins the two vertices 
corresponding to the cosets jE and jtE. The group T acts on V(T) and E(T) by 
left multiplication, and acts on T by simplicial automorphisms. We refer to |15) for 
the Bass-Serre theory. 

We define a path metric on T so that each edge of T is isometric to the unit 
interval with the Euclidean metric. Let dT denote the ideal boundary of T as a 
hyperbolic metric space. We define AT as the disjoint union V(T) U dT. For any 
two distinct points x, y in AT, there exists a unique geodesic path in T from x to 
y, denoted by l v x . For x 6 AT and a subset A of V(T), we define the set 

M(x,A) = {yeAT\iy x n(A\{x}) = <D}. 

The collection of the sets M(x, A) for all x e AT and all finite subsets A of V(T) 
defines an open basis for a topology on AT. With respect to this topology, AT is 
compact and Hausdorff , and any simplicial automorphism of T is uniquely extends 
to a homeomorphism from AT onto itself. We refer to Section 8 in [5] for details 
on this topology. 

We define d-fT as the quotient space of dT x dT by the action of the symmetric 
group of two letters that exchanges the coordinates. We have the action of V on 
d-fT induced by the diagonal action of F on dT x dT. Let M (AT) denote the space 
of probability measures on AT. We have the natural T-equivariant embedding of 
d 2 T into A/ (AT). 

Proposition 3.1. LetT rx {X,fi) be a free and p.m.p. action, and denote bylZ the 
associated equivalence relation. We define a Borel cocycle p: TZ — > T by p(^x, x) = 7 
for 7 £ r and x G X. If S is an amenable normal subrelation of 1Z, then there 
exists an (S, p)-equivariant Borel map ip: X — > V(T). 

We refer to Definition 3.15 in [TT] for the definition of normal subrelations, which 
were originally introduced by Feldman-Sutherland-Zimmer [8]. 

Proof of Proposition lS. li This proof is based on Adams' argument in Sections 3-6 
of [2], and is similar to the proof of Theorem 5.1 in [11]. We thus give only a sketch 
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of the proof. For a Borel subset Y of X with positive measure, we dchnc ly as the 
set of all <S-equivariant Borel maps from Y into V(T). To prove the proposition, it 
suffices to deduce a contradiction under the assumption that there exists a Borel 
subset A of X with positive measure such that for any Borel subset B of A with 
positive measure, Ig is empty. 

Amenability of S implies that there exists an 5-equivariant Borel map (p from X 
into M(AT). By our assumption, for a.e. x G A, the measure p(x) is supported on 
dT. Following the proof of Lemma 5.3 in [TT], we can show that for a.e. x G A, the 
measure <p(x) is supported on at most two points of dT. It follows that (p induces 
an 5-equivariant Borel map from A into d 2 T. 

We define J as the set of all 5-equivariant Borel maps from A into d 2 T, which 
is non-empty by the argument in the last paragraph. For each ip £ J, we set 

S v = {xGA \ |supp(p(a;))| =2}, 

where supp(^) denotes the support of a measure v. There exists an element ipo of 
J with fi(S Vo ) = sup^gj f-i{S v ). For any ip G J, we have the inclusion ip(x) C tpo(x) 
for a.e. x G A, where each element of d 2 T is naturally regarded as a subset of dT 
consisting of one or two points. 

Using this maximality of ipo and the assumption that S is normal in 7Z, we can 
show that tpo is 72.-equi variant. We extend ipo to the 7?.-equivariant Borel map 
from the saturation 7ZA — TA into d 2 T uniquely. This map induces a T-invariant 
probability measure on d 2 T . On the other hand, by Corollary 3.4 in [10], the action 
of r on d 2 T is amenable in a measure-theoretic sense. By Proposition 4.3.3 in [18j . 
r is amenable. This is a contradiction. □ 

Lemma 3.2. The group T has no ergodic, free, p.m. p. and stable action. 

Proof. Suppose that there exists an ergodic, free, p.m. p. and stable action T rx 
(X, fj). Let 1Z denote the associated equivalence relation, and define a Borel cocycle 
p : 1Z — > r as in Proposition [3TTJ Since the action T rx (X, p) is stable, we have two 
discrete measured equivalence relations on standard probability spaces of type Hi, 
S on (Y, v) and T on (Z,£), such that S is hyperfinite, and 7Z is isomorphic to the 
direct product 

SxT={((y u z 1 ),(y 2 ,z 2 )) e (Y x zf \ (y ll y 2 )eS 1 (z 1 ,z 2 )eT} 

on (Y x Z, v x £). Let / : 1Z — > S x T be an isomorphism. 

We define I as the trivial equivalence relation on (Z,£). Since S x I is amenable 
and normal in<SxT, there exists an (f~ 1 (S xl), p)-equivariant Borel map ip: X — > 
V(T) by Proposition l3.ll Pick a Borel subset A of X with positive measure on which 
<p is constant with the value v € V(T). Let r„ be the stabilizer of v in T. Let 7Z V 
be the subrelation of 1Z generated by r„. The inclusion f^ 1 (S x T)\a < TZv then 
holds. 

On the other hand, since S is ergodic, hyperfinite and of type Hi, there exists 
an ergodic, free and p.m. p. action Z rx (Y, v) such that the associated equivalence 
relation is equal to S. We have the Borel cocycle from S into Z sending (ny,y) to 
n for n € Z and y G Y . Define a Borel cocycle a : S x T — > Z as the composition of 
this cocycle with the projection from S x T onto S. The group L^ is a conjugate 
of E in r, and thus has property (T). By Theorem 9.1.1 in [18], there exists a 
Borel map ip: X —> Z such that for any 7 G r„ and a.e. a; G X, the equation 
er o f(-yx,x) = ipi'jx) — ip[x) holds. Pick a Borel subset B of A with positive 
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measure on which ip is constant. The equation implies that / 1 (S x 1)\b is trivial. 
This is a contradiction. □ 



The proof of Theorem 1 1.1 1 is completed. 



4. Proof of Theorem 11.41 

Let E be a discrete group having a central element a of infinite order. Let p and q 
be non-zero integers with \p\ ^ \q\. We define T as the group with the presentation 

r={E, t \ta p t- 1 = a q ). 

Applying Theoreme 0.1 in [IB] as in the beginning of Section [31 we see that L is 
ICC. 

Let Lr be the von Neumann algebra of T with trace r, generated by the unitary 
elements w 7 with 7 G T. Let || • H2 denote the L 2 -norm on LT defined by ||x||2 = 
t{x*x) 1 ^ 2 for x G LT. We show that LT has property Gamma, that is, there exists 
a sequence of unitary elements of Lr, (x n ) ne ^, such that for any n£N, r(x n ) = 0, 
and for any y G LT, \\x n y — yx n \\2 — > as n — >• 00. 

Covering maps of the torus T. We set T = {2:gC||z| = l}, and denote by fi 
the normalized Haar measure on T. We identify T with the dual of the group (a). 
The algebra L°°(T) is then identified with the subalgebra L(a) of Lr. 

For k G Z, we define a map : T — > T by Ife(z) = z fc for zeT. Note that for any 
non-zero integer k and any measurable subset A of T, we have p(T l 7 1 (A)) = (J,(A). 
The map T^ 1 from the set of measurable subsets of T into itself therefore induces 
an isometry from L 2 (T,/i) into itself. For each / G L 2 (T,/i), the image of / under 
this isometry is denoted by f, which is equal to the function /oTj. 

For m G Z, let u(m) denote the element of L°°(T) corresponding to the unitary 
element u a ™. of L(a). For n G N, set u n = M (-P 4 9"'): an< ^ se t v n — v, n /\\u n \\2- 

For any n G N, we then have ||Un||2 = 1 an d r(v n ) — 0. It follows from the equation 
(u(m)) — u(km) for any fceZ \ {0} and any m G Z that for any k = p,q, we 
have IlL^T 1 ^ — «„||2 — >• as n — > 0. 

Lemma 4.1. There exists a sequence of measurable subsets off, {B n ) n ^, such 
that for any n G N, /x(L? n ) = 1/2, cmc? /or any k = p,q, we have 

lim ii(T£ l (B n ) AB n ) =0. 

n— >oo 

To prove this lemma, we need the following: 

Lemma 4.2. Let k be an integer with k > 2. T/ien /or any measurable subsets A, 
B of T, we /lave 

lim M (T fc - i (A)n J B)=/x(A) /1 ( J B). 

t— ^00 

Li particular, any measurable subset A of T im'f/i T fc ' 1 (A) = A satisfies p(A) = 
or 1. 

Proof. Let Z_ be the set of negative integers. Define X as the standard probability 
space rinez 1 7 • ■ • , ~ 1} with the product measure of the uniformly distributed 
probability measure on the set {0, 1, . . . , k— 1}. The map from X into T sending each 
element (x„)„ e z_ of X to the number exp(27ri X)nez_ x nk n ) in T is an isomorphism 
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between X and (T, /i). Under this isomorphism, for any measurable subset A of X, 
the inverse image of A under 71- is equal to the shifted set 

{(x n )n£Z- € X | (x„-l)„ e z_ G A}. 

The lemma follows from this equality. □ 

Proof of Lemma Following the proof of "(1) => (3)" in Proposition 2.3 of |14) . 
we can find a sequence of measurable subsets of T, (A n ) ne jq, such that either 

(I) for any k = p,q, we have ^(Tj^ (A n ) A A n ) — ► as n — > oo, and there 

exist numbers c\, c 2 with < c\ < /Lt(j4 n ) < C2 < 1 for any u £ N; or 
(II) n(A n ) > for any n G N, /z(.A n ) — > as n — > oo, and for any k = p,q, we 
have n(T^ l {A n ) A A n )/^(yl n ) -> as n -> oo. 

In case (I), a desired sequence is obtained along the proof of Lemma 2.3 in [9]. 

Suppose that case (II) holds. We apply Chifan-Ioana's argument in the proof of 
Lemma 10 in [6] that relies on the proof of Lemma 14 in p]. Put T = T%. Lemma 
14.21 implies that for any e > and any measurable subsets A, B of T, there exists 
I G N with 

V{T-\A) U B) > (1 - e) - (1 - »(A))(1 - 

For any e > and any measurable subset A of T with fi(A) < 1, using this inequality 
inductively, we can find positive integers ij for each i £ N such that for any m G N, 
we have 

M ^Qt-'*(A)J >l-e-(l-n(A)) m . 

For each n G N, let m„ be the largest integer that is not larger than (2(j,(A n ))~ 1 . 
We apply the argument in the last paragraph to A n , and then find positive integers 
li, . . . , l mn such that n(B n ) > 1 — ri -1 — (1 — [i(A n )) m ™ , where we set 

m n 

Since [i(A n ) — > as n — > oo, for any sufficiently large n G N, wc have 1 — 100 -1 — 
er 1 ' 2 < n(B n ) < 2/3. On the other hand, for any k — p,q, the inequality 

/i(T fe - x (S n ) A B n ) < J2 KTk\T- h {A n )) A T- l '{A n )) = m n ^T^{A n ) A A n ) 

i=l 

< 2 f i(r- 1 (4)Ai n ) 

3/x(A») 

holds. The proof in case (II) is therefore reduced to that of case (I). □ 

Let (B„)„ e N be the sequence of measurable subsets of T in Lemma |4~T1 For each 
n G N, define a function w n in L°°(T) by w n (z) = 1 for z G B n , and w„(2:) = — 1 
for z G T \ B n . The function w„ is then a unitary element in L(a) with r(ui n ) = 0, 
and we have 

\\u t w n u* t - w n \\ 2 < \\w„ - T p _1 u; n ||2 + \\u t (T p 1 w n )ut - w n \\ 2 
< \\w n ~ T~ x w n \\i + WT^Wn - w n \\ 2 
= 2 f 4T~ 1 (B n ) A B n f' 2 + 2 f i(T~ 1 (B n ) A B^ 1 ' 2 . 
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It follows that \\utWnUt — w n \\2 — > as n — > 0. For any 7 £ £ and any n 6 N, the 
equation u 7 w n u* — w n holds because a is a central element of E. It turns out that 
LT has property Gamma. 

The proof of Theorem 11.41 is completed. 
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